In this paper, two characterization theorems of WBR 0 -algebras are given, which reflect more properties of the operator "⊕". The concept of the dual algebra of a WBR 0 -algebra is introduced. It is proved that a WBR 0 -algebra and its dual algebra are isomorphic with respect to the operators "⊕" and "→".
Introduction
In order to provide logic systems with various corresponding logic algebras, many scholors proposed various algebraic systems with different types. Different algebraic systems are related to different corresponding axiom groups. For example, R 0 -algebras [1, 2] proposed by Wang is such an important logic algebraic system, which is matched with the formal logic system L * . Wu introduced BR 0 -algebras [8] by deleting the sixth axiom of a R 0 -algebra. He proposed also WBR 0 -algebras [3] on the basis of a non-ordering characterization of BR 0 -algebra and got many meaningful results [4, 5] . Considering that WBR 0 -algebras are logic algebras with not only operator "⊕" but also with operator "→", in this paper, we give two characterization theorems of WBR 0 -algebras which reflect more properties of the operator "⊕". We also define operators " " and "⇐" in WBR 0 -algebras and introduce the concept of dual algebras of WBR 0 -algebras. We prove that a WBR 0 -algebra and its dual algebra are isomorphic with respect to the operators "⊕" and "→".
Preliminaries
Here are the basic concepts and related results about WBR 0 -algebras. 
Remark 2.3. It has been noted in [4] that conditions (WC3), (WC5), (WC8) and (WC9) imply (WC4) in WBR 0 -algebras.
Characterization theorems of WBR 0 -algebras
In this section, two characterization theorems of WBR 0 -algebras are given by emphasizing properties of the operator "⊕" in the axiom groups. Definition 3.1. A (2, 2, 0, 0)-type algebra (N, ⊕, →, 0, 1) is called an NWBR 0 -algebra, if ∀a, b, c ∈ N , the following statements hold:
(2) On one hand, by conclusion (1), we have (
On the other hand, by Definition 3.1(N2) and conclusion (1), we have that
To sum up the above, by Definition 3.1(N5) we have
(3) By Definition 3.1(N1, N3), we have a → a = a → (a ⊕ 0) = 1; by Definition 3.1(N2, N4) and conclusion (2), we have
If a → b = 1, on one hand, by Definition 3.1(N1, N4, N8), conclusions (3) and (4), we have
On the other hand, by Definition 3.1(N3, N6), Compared with WBR 0 -algebras, the definition of NWBR 0 -algebras is simpler in form. But it does not highlight the properties of operator "⊕". We next give another characterization of WBR 0 -algebras, which reflects more properties of the operator "⊕". Theorem 3.6. A (2, 2, 0, 0)-type algebra (M, ⊕, →, 0, 1) is equivalent to a WBR 0 -algebras iff ∀a, b, c ∈ M , the following statements hold:
Proof. By Theorem 3.5, it suffices to prove that it is equivalent to NWBR 0 -algebras.
To show the necessity, by Definition 3.1 and Proposition 3.2, we need to prove (M6) holds. By Remark 2.3 and Theorem 3.5, we know a → (b → c) = b → (a → c) also holds in NWBR 0 -algebras. So by Proposition 3.2(3), we have
To show the sufficiency, noticing that (M4)=(N6), (M7)=(N7) and (M8)=(N8), we need to verify (N1), (N2), (N3), (N4) and (N5). We divide the proof into nine steps.
1 By (M1) and (M2), we have (a → 0) → 0 = (a → 0) → (1 → 0) = 1 → a = a, and (N2) holds.
2 By (M3), we know a → b = b → a = 1, a ⊕ b = b and b ⊕ a = a. By (M4) we have a = b, and (N5) holds.
3 By (M3) and (M7), we have (
4 By (M2) and 3 , we have
5 By (M3) and (M6), we have a → (b → a) = 1. 6 By (M2) and 5 , we have a → 1 = 1 → (a → 1) = 1. 7 By (M1), 4 and 6 , we have 0
8 By (M3), (M4) and 7 , we have 0 → a = 1. So 0 ⊕ a = a = a ⊕ 0, and (N1) holds.
9 By (M3) and 4 , we have a ⊕ a = a.
we know a → (a ⊕ b) = 1, and (N3) holds.
Dual algebras of WBR 0 -algebras
From the point of view of logic systems, operators "⊕" and "→" can be regarded as logic connectives and dual algebras just define new operators. In this section, we define operators " " and "⇐" in WBR 0 -algebras and introduce the concept of dual algebras of WBR 0 -algebras. Then we prove that a WBR 0 -algebra is isomorphic to its dual algebra with respect to operators "⊕" and "→".
Proof. First we should prove M op is a WBR 0 -algebra. We need prove M op satisfies the eight axioms in Theorem 3.6. (M1) for M op : By (M1) and (M2) for M , we have
(M2) for M op : By the verified (M1) for M op and Lemma 2.2(2), we have
(M6) for M op : By Lemma 2.2(3) and (M3) for M , we know (a → 0) → (a → b) = 1 holds and (a → 0) ⊕ (a → b) = a → b, so we have
(M7) for M op : By (M1), (M2) for M and Lemma 2.2(4), we have
(M8) for M op : On one hand, by (M1) and (M8) for M and Lemma 2.2(2), we have
On the other hand, by (M2) for M and Lemma 2. 
